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"Vibrations  of  Thick  and  Thin  Cylindrical  Shells  Surrounded 
by  Water,"  J.  Greenspon,  Nonr  -  2733(00)  Tech.  Rep.  No.  4 

In  the  Radially  Pulsating  Cylinder  (lart  IV  E)  the  expression  for 
the  loaded  Q  is  incorrect  in  tV^e  report;  it  should  oe  as  follows: 

<o  -  _ _ _ - 

Thus  for  the  thin  cylinder 

^  ~  ^  -h  ^  2^  jfi, 

The  efficiency  of  the  transducer  is  as  follows: 

Pc  Co  ^  ^ 

Pt  _ 

^  ft  4 

The  q  and  efficiency  of  the  steel  radiator  with  cT -0.07.^  ^'^^~o.t2.7 
-o.  3.7 r,  %  -20.  A  ~i  which  resonated  in  water  at  =■  /  is  now 

w  J  j  *0 

as  follows: 

—  _ L _ -  /  ^ 

o^jr  O.t  2.-7  X  0.7-}  gr>i  xox  f 

Efficiency  = 

The  Q  and  efficiency  of  the  plexiglass  radiator  with  S  —  2- ^ 

^/Cf  Vv7hich  resonated  at  —  0.2—  is 

now  as  follows: 


^2-  XT.  ^  O.  -2.x  O.^S~xC>.93  X'O^O.  i  -3.- 

5-/4 
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ABSTRACT 


This  report  treats  the  free  and  forced  vibrations  of  infinitely 
long  pressureized  cylindrical  shells  surrounded  by  water  and  con¬ 
taining  fluid.  Exact  elasticity  theory  is  used  to  treat  unpress- 
ureized  shells  and  an  approximate  shell  theory  is  employed  to 
treat  the  effects  of  static  pressure,  internal  fluid,  and  struct¬ 
ural  damping.  A  study  is  made  of  the  effects  of  these  parameters 
on  the  dynamic  behavior  of  the  shell.  Comparisons  are  made  be¬ 
tween  the  results  of  the  exact  and  approximate  theories. 

I.  INTRODUCTION 

There  have  been  a  number  of  previous  studies  on  the  vibration  of 
infinitely  long  thin  cylindrical  shells  in  water.  Although 

the  infinite  shell  solution  cannot  be  expected  to  describe  the 
complete  behavior  of  a  finite  shell  accurately,  it  can  be  used  to 
point  out  a  number  of  important  characteristics  such  as  the  approx¬ 
imate  frequency-wave  length  spectrum,  the  reduction  of  the  natural 
frequency  due  to  presence  of  the  water,  and  the  approximate  magni¬ 
tude  and  directivity  of  the  sound  field.  Approximate  numerical  solu¬ 
tions  will  eventually  have  to  be  used  to  obtain  an  accurate  solu¬ 
tion  for  a  finite  shell  vibrating  in  water,  but  an  overall  picture 
of  the  behavior  can  undoubtedly  be  obtained  by  studying  the  results 
based  on  the  infinite  shell  solution. 

It  should  be  made  clear  at  the  onset  however,  just  how  the  infin¬ 
ite  shell  solution  is  to  be  used  and  what  characteristics  it  can 
be  expected  to  describe  for  a  finite  shell. 

If  we  consider  a  finite  thick  shell  with  freely  supported  ends  vi¬ 
brating  in  a  vacuum,®  the  displacement  pattern  for  standing  vibra¬ 
tions  can  be  represented  as  follows: 


1.  M.  C.  Junger,  J.  Acoust.  Soc.  Am.,  2^,  40-47  (1953). 

2.  H.  H.  Bleich  and  M.  L.  Baron,  Jour.  Appl.  Mech. ,  June,  1954. 

3.  H.  H.  Bleich,  Proc .  of  2nd  U.  S.  Nat.  Cong.  Appl.  Mech.  (1954). 

4.  M.  C.  Junger,  Jour.  Appl.  Mech.,  JJ*,  439-445,  (1952). 

5.  Z.V.  Kolotikhina,  Soviet  Physics  -  Acoustics,  4,  4,  344-351  (1958) 

6.  J.  E.  Greenspon,  "Vibrations  of  Thick  Shells  in  a  Vacuum,"  Office 
of  Naval  Research,  Project  No.  NR  385-412,  Contract  No.  Nonr  - 
2733(00),  Tech.  Rep.  No.  1,  Feb.,  1959. 
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It  has  been  shovvii  by  Arnold  and  Vvarburton  ’  that  such  displacement 
functions  represent  realistic  end  conditions  and  can  even  be  used 
to  approximate  fixed  ends  if  the  longitudinal  wave  length  parameter 
is  redefined. 


If  it  is  assumed  that  the  shell  is  extended  to  infinity  in  both 
directions  along  the  axiSj  the  displacement  pattern  wrll  be  the 
same  as  above  with  the  wave  length  of  the  motion  being  -  2^/,^ 

In  other  words,  the  vibration  pattern  on  a  finite  freely  supported 
cylinder  of  length  1  is  represented  by  two  sinusoidal  waves  travel¬ 
ing  in  opposite  directions  on  the  infinitely  long  cylinder. 


Now  if  the  infinitely  long  cylinder  is  j)laced  in  the  water  the 
pressure  produced  in  the  water  due  to  the  vibration  of  the  cylin¬ 
der  is  as  follows-^ 

Cr  £)  -  (2.  ^  [  2  ] 

and  for -each  displacement  pattern  ^ 

U  [3] 

there  is  a  pressure  pattern,," 

X  -  -  , —  ,  ,  •  %  n  ^  ^  ^  ^  -  /  n 


Thus  each  elastic  mode  of  given  m  and  n  excites  a  single  pressure 
mode  in  the  fluid. 


In  the  finite  shell  there  will  be  no  direct  coupling  such  as  this 
because  of  the  presence  of  the  ends  of  the  shell.  We  are  therefore 
making  the  following  assumptions  in  applying  the  infinite  shell 
solution  to  the  finite  shell  with  freely  supported  ends  vibrating 
in  water: 


1.  The  pressure  produced  on  the  portion  of  the  infinite  shell 
from  A  to  B  (see  Fig.  2)  by  the  adjacent  portions  (  ->0  to  A 
and  B  to  cx5>  )  is  small 


Fig,  2  Wave  Pattern  on  tne  Infinite  Cylinder 


2.  The  motion  of  the  ends  of  the  actual  finite  shell  do  not 
effect  the  pressure  on  the  cylindrical  surface. 


R.  N.  Arnold  and  G.  B.  Warburton, 
238-256  (1949). 

R.  N.  Arnold  and  G.  B.  Warburton, 
hech.  Engrs.,  167 „  62-74  (1953). 


Proc.  Roy.  Soc . ,  197 .  Series  A, 
Proc.  of  the  Institution  of 


For  modes  in  which  the  longitudinal  displacement  is  small  compared 
to  the  radial  and  tangential  displacements,  assumption  2  should  be 
valid.  Assumption  1  is  incorrect  for  a  finite  shell  but  it  is  be¬ 
lieved  that  such  characteristics  as  the  frequency  -  wave  length 
spectrum  and  the  relative  pressures  excited  by  different  modes  of 
the  shell  can  be  obtained  satisfactorily.  The  vibrating  portions 
of  the  infinite  shell  wliich  are  far  away  from  A  and  B  will  have  a 
very  small  effect  on  the  part  between  A  and  B.  however  the  parts 
near  A  and  B  will  have  an  appreciable  effect. 

9 

A  previous  reference  presents  the  characteristics  of  the  axially 
symmetric  modes  (n=0)of  infinitely  long  thick  cylindrical  shells 
vibrating  in  water.  Very  special  types  of  loading  have  to  be 
applied  to  the  cylinder  to  excite  these  modes  and  their  natural 
frequencies  are  usually  high.  In  spite  of  these  facts,  these 
modes  have  been  the  most  useful  ones  for  transducer  applications 
because  of  the  relatively  larpe  sound  power  radiated  for  a  given 
def lect ion. 

In  this  paper  the  more  Rcneral  type  of  deformati<jn  corresponding 
to  n  >  1  will  be  considered  in  addition  to  n=0.  The  modes  in  which 
■^=1  and  n  2. 2  are  known  as  the  beam  miode  and  lobar  modes  respective¬ 
ly,  and  are  usually  the  ones  excited  by  general  types  of  transverse 
loads  applied  to  the  surface  of  the  shell.  Modes  of  this  type 
have  been  known  to  produce  unwanted  noise  radiation  in  submarine 
hulls  It  is  possible  that  their  low  frequency  characteristics 
combined  with  their  directivity  possibilities  could  prove  useful 
in  transducer  applications. 

II.  THICK  SHELL  THEORY  WITHOUT  INTERNAL 
FLUID  OR  PRESSURE  EFFECTS 


The  theory  of  nonaxially  symmetric  vibrations  of  thick  cylindrical 
shells  in  an  acoustic  medium  follows  the  axially  symmetric  theory^ 
rather  closely  with  the  exception  that  two  more  boundary  conditions 
must  be  satisfied  on  the  cylindrical  surfaces  for  the  nonaxially 
syiumetric  (flexural)  case  and  the  displacements  are  now  dependent 
on  O'  . 

For  these  nonaxially  symmetric  vibrations  the  boundary  conditions 
to  be  satisfied  on  the  cylindrical  interface  between  the  fluid  and 
shell  and  on  the  inside  shell  surface  are  given  in  Eq.  [5]  (see  fig.  1 
for  notation). 


9.  J.  E.  Greenspon,  J.  Acoust.  3oc.  Am.,  32^,  1017-1025  (1960). 
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[5] 


)-r-  6^  tj  =  f>i  (^ ^) 


r6  Ca^^($^±^±j  -  O 
-  O 

r  2:  Z^tJ  ^O 

r2r  (Cfl  ^  i,  tj  -  o 

*"  J  t  y 


The  first  boundary  condition  states  that  the  normal  stress  on  the 
outside  cylindrical  surface  of  the  shell  is  equal  to  the  pressure 
in  the  fluid  at  this  surface.  The  second  equation  states  that 
the  normal  stress  on  the  inside  cylindrical  surface  is  equal  to 
the  pressure  applied  by  external  means  to  the  inside  surface;  this 
pressure  will  be  assumed  harmonic  in  time.  The  remaining  four 
equations  state  that  there  are  no  shear  stresses  acting  on  the 
shell  surfaces,  the  fluid  bein?'  assumed  non -viscous. 


It 

it 


will  further  be  assumed  that  the  internal  ,  ressure  is 
can  be  expanded  into  a  Fourier  Series  as  follows: 


s  uc  h  t  ha  t 


"i-Tj  2r 


Vv  & 


[6] 


^  ^ «  w.  s  /  -A  ' 

It  has  been  shown^  that  the  outside  fluid  pressure  can  be  expanded 
into  a  similar  Fourier  Series  for  the  .Infinite  cylinder.  By  sub¬ 
stitution  of  the  expressions  for  the  internal  pressure  and  the  out 
side  fluid  pressure  into  [5],  the  following  equations  are  obtained 


rrCa-J-  [7] 


ro  CCic  )  ~  -  7"  =  O 


where 


=  forcing  frqquency  of  internal  pressure 
Pa  -  density  of  the  fluid  surrounding  the  shell 
Cq  =  sound  velocity  in  the  surrounding  fluid 

e .)  ~  amplitude  of  the  radial  displacement  of  the 

mnth  mode  evaluated  at  the  outside  cylindri¬ 
cal  surface 


t.  PC' 


the  acoustic 

)'r- 


L.  '  o“ 

A'^=  wave  length  of  the  vibration 
tion 


impedance 

in  the  longitudinal  direc- 
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£ 

It  has  been  shorn  previously  that  the  displacements  c^r,Ui$ 
can  be  written  in  terms  of  six  arbitrary  constatnts  C-,  ^ .  .C^. 

Therefore  the  radial  deflection  and  the  fluid  pressure^  at° 
the  outside  interface  between  the  cylinder  and  the  surrounding 
fluid  for  the  mnth  mode  can  be  written  as  follows: 


[8] 


6^Jvw  ^  ^ 


where  a' . 


C,-)  ^  k,  C  '■)]  " 

»  '  •  •  ai’e  as  follows; 


Table  1.  Deflection  Constants 


^/Cr  > 

Vav-. 

^/Cr  > 

/I ' 

1 

~,P)  )  ~-y^  J-r  ) 

-  /  ^*^ }  **  M  .Z^  ^ 

6' 

"  f’*i)  - 'TC  J 

fP- ,  P'^)  E^f^i  ) 

y^-i(>j vi  j 

c 

1 

(’f)  ~^X^Cs) 

J  -v\  j* ) 

'  0  ' 

1 

E^Cf) 

s  >C-Yj'J-k  J 

( 

r  ' 

r^(f) 

y-F) 

■  P' 

E^cs) 

Y^rs) 

K.rj’J) 

~  /\  ^ 
c^^  .  C  /t 


/hr  - 

-  /F  /Xv.  ^  X  h-i_~  ~  ^  /^ 


[10] 

4 
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The  parameters  S  are  explained  completely  in  a  previous  re¬ 

ference®  and  also  briefly  in  the  Appendix.  The  quantities  ^^mn  and 
mn  are  contained  in  a  previous  reference^  and  for  completeness 
are  given  in  the  Appendix. 

Going  back  to  the  boundary  conditions  (eq.  [7])  and  substituting 
the  expressions  for  the  stresses  and  impedance,  we  obtain  six  com¬ 
plex  algebraic  equations  in  the  six  unknown  complex  constants 
C2^....Cg.  These  equations  are  as  follows: 


- 

-Ca,  ^ 

[p 

hZ! 

■<-  />. 

3  -  y- 

r  ^>2 

rY^r 

-P 

/«!. - 

)X  -  ^ 

t  ^  ^1-  ^2.0 

Cj  ^ 

y- 

^3/ 

C* 

^3 

■f 

-  ^ 

C.i- 

.^3 

-P 

■-C4.  P 

Cc 

-  c 

P.  - 

P.  / 

CZjj,  0;^ 

Cf.  f-  Ojp 

--  0 

c.  * 

4.  P.  + 

3^ 

Cc 

r 

where  ^  . 

:  C,  V  t  C,  "  ^ 

II 

V  f 

0^ 

J 

0 

it 

=  V.' 

and  where  Cl„  ^ec,  are  the  coefficients  for  flexural  vibrations 
as  contained  in  a  previous  reference®  and  also  in  the  Appendix  of 
this  report. 

Let  the  internal  pressure  be  written  as  follows: 

Co,  £, -t)  --  pro,  £j  e  [  12] 

The  deflection  and  pressure  at  the  outside  interface  of  the  cylin¬ 
der  can  then  be  written 
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r  p  a  ~\ 

~Z  TTAvw  2^  J  J  d 

(^.y  -  -['^rt  f XT  ^  ^  p- 


3^_  ,  ^/^!^/Z^-</t-»^.J 


?a^ii±c#o  v,<5  if 


cp^  ^  J 


[13] 


is  uhe  phase  anj»lc 

where  ^  and  P  are  nondimensionaL  quantities  which  have  the  follow¬ 
ing  values:  _ 

,  E^.  hi  I  []-^] 


'-yp..a:{er. 


r  f 


«) 


The  nondimensionaL  quantities  ^  and  P  are  functions  of  the  forc¬ 
ing  frequency  6-J  ,  the  thickness  ratio  oi  ,  the  wave  length 

rat  io  TX  dc  y^x  '>v^.  •  ,  the  circumferential  parameter  n,  Poisson's 

ratio  ,  the  wave  velocity  ratio  and  the  density  ratio 

The  expressions  [14]  can  be  interpreted  as  being  the  nondimensionaL 
transfer  function  due  to  the  Fourier  comjionent  pressure  .  For 

a  finite  cylinder  of  length  2  Q.  so  Txd^  -  '^TXCAy'j^ 

(assuming  for  the  moment  that  the  theory  was  correct  for  a  finite 
cylinder).  Thus  expressions  [13]  and  [14]  give  the  deflection  and 
pressure  in  the  mnth  mode  (i.e.  for  a  given  nodal  pattern  m  and  n) 
as  a  function  of  the  frequency  CsJ  .  Thus  for  a  given  cylinder  of 
physical  parameters  ^  cAo/A.  ^  ^  vibrating  in 

fluid  with  parameters  *  6^P^®ssions  [13]  and  [14] 

are  the  deflection  and  pressure  response  factor  in  each  mode  as  a 
function  of  frequenc) .  The  trace  of  ^  vs  will  be  analogous  to 
a  single  degree  of  freedom  (mass  spring  system)  resonance  curve 
which  starts  out  at  a  static  response  and  peaks  at  the  individual 
frequency  of  each  mode.  The  response  to  any  load  distribution 
can  then  be  written  as 


Ur-  - 
P:fo  ^ 


(u^) 


[15] 


_  )  Vv-\  "K^ 

V..^  o  -  o 

If  we  wish  to  uncouple  the  modes  completely  we  can  apply  a  pressure 
which  has  the  same  distribution  as  the  deflection,  i.  e. 

■Pc  P<2,-i:)  -  •'a-vv— 


In  this  case  the  deflection  and  pressure  are 

2U'  ^  [16] 

=  ( p)  e‘- 


Ur-  — 

'ffv  -  Cfj^X 
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The  same  theory  also  applies  to  elastic  waves  traveling  along 
tubes  which  are  immersed  in  water  in  the  same  manner  as  described 
in  a  previous  reference?  For  this  case  we  can  plot  r-  vs 


which 

traveling  alons  the 


gives  the  dispersion 
infinite  tube. 


curve 


for  elastic 


waves 


III.  THIN  SHELL  THEORY  WITH  INTERNAL  FLUID  AND  PRESSURE 

The  exact  theory  as  given  in  section  II  is  quite  cumbersome  to 
work  with  and  requires  long  computation  times  even  on  the  electronic 
computer.  Therefore,  for  practical  purposes  an  approximate  theory 
was  developed  including  the  additional  effects  of  internal  and  ex¬ 
ternal  static  pressure,  internal  fluid,  and  structural  damping  in 
addition  to  the  effect  of  the  outside  acoustic  medium.  The  compari¬ 
sons  between  results  of  the  approximate  theory  with  those  of  the 
exact  theory  demonstrate  that  the  approximate  theory  can  be  applied 
for  rather  thick  shells. 


We  will  use  the  following  nomenclature  for  the  theory; 


■fic 

tfo 

e: 

X 

f* 

Cc 

X 

Ci 

A 


Fig.  3  Pressurized  Cylinder  with  Fluid 


=  internal  or  external  driving  pressure  ^  E  X  ^  f 

-  outside  static  pressure  in  medium  >  ^  >  tj 

=  inside  static  pressure 

=  outside  fluid  pressure  due  to  vibration  of  tube 
=  inside  fluid  pressure  due  to  vibration  of  tube 
=  modulus  of  elasticity  of  tube  material 
=  Poisson's  ratio  for  tube  material 
=  thickness  of  tube 
=  m.ean  radius  of  tube 
=  density  of  tube  material 
=  velocity  of  sound  in  outside  medium 
=  density  of  surrounding  fluid 
=  velocity  of  sound  in  tube  fluid 
=  density  of  fluid  inside  tube 
=  velocity  of  rotational  wave  in  tube 
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T!io  l-'luo;j,G^'  shell  equations  the  addition  of  structjral  rir.np- 

tnp,  inside  and  outside  fluid  tire  as  follows: 

>±^  3-^^^iIdrl  -[17] 

i  O^’-  2-  Jt  /2^^L  2.  Jx.'-"  ~5:  ^  0».\J<J>J 

-;3L5.h-^ - ‘“-^‘^/i-^  =  -  {  Ct,,.  -  j jV 

Jf  dt  i.  Jx*- 

vl^  ^  ^  -  2_Zj7  .  ^  ^  ^  J  Ir- 


d^^Oef' 


Q-2dZ  ^  2.  ‘Loot  /  J  ^  iiif  y.  iSf  — 

In  the  above  equations  ^  s^te  the 

structural  daiq  inr  forces  per  unit  area  "in  the  ic^  y  and  r~  directions 
respect ively , 

The  displacennent  components  for  the  infinitely  long  shell  are  taken 
as  follows: 

^ 

c^^cf>  C'’^^ 

'v’here  Amn ,  Bmn,  Cmn  are  the  amplitudes  of  the  displacements  in  the 
Tinth  mode.  The  fluid  pressure  in  the  surrounding  fluid  can  be 
written  as  follows:  ^ 

~  <■  ^  Pu  ^ 

vhere  is  the  coustic  impedance  of  the  fluid  as  described  be¬ 

fore.  In  thin  shell  theory  it  is  assumed  that  loads  are  applied 
at  the  median  surface,  therefore  the  acoustic  impedance  is  as  follows 

dP'ryy  ~~  ^ T-T."  ...X-  "f  t- 

J"/  >  f  _  r 

^  j  ^  p  ^ '^o  1  ^  )P~ ^  *■ )  ^  ^yz.  ^ >—  ^  p 


aO 


/✓*✓  *  'J  y 


[19] 


10.  wh  Flugge,  "Statik  und  Dynamik  der  Schalen,"  Springer-Ver lag, 
1934,  p.  101  and  229. 
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■h  £~  '^+1  -f 

'^here  .  [(Xr-^^^c,)  J  ^]  '''- 

If  ir  ('^Yc^  <  / 

^  =  -  ^  -Y~  '''^o  ) 


[/r^^ , 4  —  /r^  Y)1  ^  °  ^ 

‘-  J^'  J 

~  C\'-Y~  ^''Ycu  )^2  ^ 

The  fluid  pressure  on  the  inside  of  the  shell  is  the  solution  of 
the  wave  equation 

[21] 

For  the  infinitely  Long  shell  we  can  write 

Yi^Y-  Y'^'^  [22] 


[21] 


[22] 


A  -  LCx^<^-/c  J  '"' 

<  /  "A-  =  T^C4r^) 

JtU  r  [  ' 


[23] 


The  constant  U-^^\.s  determined  from  the  boundary  condition  at 
the  inner  surface  of  the  tube 


.W"  /^  £.  1  -  ^  )y^S] 

We  take  the  internal  driving  pressure  to  be 


cO  oO 


C#^  ^ 


rr  ic. 


“  o  vw  r  t 


[24] 


[25] 


Substituting  the  expressions  for  the  desplacements  and  the  fluid 
pressures  into  the  equations  of  motion,  the  following  set  of  equa¬ 
tions  result: 

A-^^[<xi,Y  I  !?,,’]■>■  2  ^  L i' 3  -o 

A — l^^3  ^  =o 

A'^^.  [^i.2  '^vv.v^  [  ^i-i.3  6j3  -  ^^'2=a~ 
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where 


r  -  J  ' 

/-A  i 
—  ^  - 

oA  /-^ 

/  i  ^ 

^  -n- 

a 

f' 

"TIA- 

-  /4--J 

X 

A 

^-i 

--  ^  aA 

>  -^Va'^' 
/  1  ''  '^ 

_  / 

-  J 

T  ^ 

‘-'J 

A 

^J./ 

- 

iil'i  i 

"  —  V\. 

A  iX  i 

S'  ^ 

/  i 

Xi 

I 

u 

Aj 

r  -  ^ 

-  j- 

-  ^  i  - 
/  A  X 

-  ^>2 
j.  - 

Cii,  -  - /  -  A  -2a  '-V.  V ^  V V  ^  ^ 

-  —  ~n— 

h;  i  -  ^// 

j  j  -  -  S  '~  -'^ 

J  =  ^  ^  -a  =  --(/^^ 


-  J.  '  'pT,')^('i~>^'‘) 


^  A. 


X  ^  z 


($'-  JX  ^  ^  ^  'p'^-n-^ly  ^ 


A  A 


A  ^ 


cmn  and  X' n  .v-  're  '.’iven  Jt  fore.  "^^rs  as  1  o L  L ov.- s  ; 

^  '  P~  '^i  ^  ^  ■'  ^  ^  ~  l  r  i  ~2)  ^7 

Z^  4!  4-j^  ^  JX 
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The  damping  coefficient  -S  is  determined  from  the  formula 

3-  -  2'^  oy./  (where  /T  -  in  equations  of  motion) 

where  (ratio  of  damping  to  critical  dam.ping) 

We  first  compute  the  natural  frequency  f>  without  damping,  then 
assume  a  ratio  of  ,  calculate  ^  and  then  vi" 


Fran  equations  [26]  we  can  obtain  the  complex  constants 

A-y^-^  ~  A^-  ■+  L  Ac  ^  Sr  Si  ^  -  C?r  V-  C  Si 

where  subscripts  r  and  i  denote  the  real  and  imaginary  parts.  The 
expressions  for  the  displacements  and  fluid  pressure  can  then  be 
written  as  follows 


'  \l  -h 

-  \fcP^ 


(Z 


Ct/i-  V\ 


X.  ^  Jsc,  e.  6 — )  Vrc  c^^<P(z 


£,  ^ 3 


The  formulas  for  the  longitudinal  and  periphery  stresses  at  the 
outer  surface  of  the  shell  are  as  follows: _ 

f.  / - ^ - - - — i±^ - tbf _ 


Substituting  the  expressions  for  the  displacements  we  can  finally 
write  the  equations  for  the  stresses  as  follows 

-  ^  ^  /P  \ 

=  CTp  Pyrry  r . n  ^ 


(^A 

(cy; 


=  6Z 

'OV-  v-V  ^  ^  X-. 


Rr. 


C</i  W 


The  deflections,  pressures  and  stresses  can  be  written  in  terms  of 
dimensionless  quantities  as  before  with  the  thick  shell. 

Assuming  that  the  internal  driving  pressure  is  of  the  form  given 
by  eq.  l25]  the  formulas  are  as  follows: 
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(rA. 

:r  V=  P^ 

E^A. 

p:p^P!lzf^  P. 

irl. 


2._^ 

^-v 


fC 


VU  vu  ■'^"W^v 


a  e 

^  \»U^  f 


If 


p  ,2/5^ 

/  Vta*  v. 


TTA, 


[31] 


[32] 


For  any  loading  which  is  harmonic  in  time  the  total  response  will 
then  be  the  sum  of  the  modal  contributions  as  explained  before  for 
the  thick  shell. 


In  the  simplified  theory  we  can  determine  the  deflections  fluid 
pressure  and  stresses  as  a  function  of  frequency  for  the  follow¬ 
ing  input  parameters: 

1.  Wave  length  parameter  -A 

2.  Circumferential  parameter  'vn. 

3.  Thickness  parameter  S? 

4.  Poisson's  ratio  -0 

5.  Damping  parameter  S 

6.  Static  pressure  parameters 

7.  Wave  velocity  parameters 

/(,. 

<-  y>  '  (-  £)  J  '  L  -Jfi 

8.  Density  parameters 

^  ^-/ft 

Since  the  above  solution  is  again  equivalent  to  the  solution  for 
two  harmonic  waves  propagating  along  the  tube,  we  will  also  be  able 
to  study  the  effects  of  the  input  parameters  on  the  propagation  of 
unattenuated  elastic  waves  in  the  tube  wall  or  unattenuated  press¬ 
ure  waves  inside  the  tube. 
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IV.  RESULTS 


A.  Correlations  between  thick  and  thin  shell  theory  for  shells  in 
an  acoustic  medium 

Fip .  4  gives  comparisons  between  the  exact  elasticity  theory  and 
the  approximate  theory  for  shells  vibrating  under  water.  It  is 
seen  that  the  approximate  theory  is  excellent  for  shells  with 
a  ratio  of  inside  to  outside  radius  of  0.9.  Both  the  natural 
frequency  and  radial  displacement  are  predicted  very  accurately 
by  the  approximate  theory.  Hov^ver  for  a  much  thicker  shell 
with  a  =  0.7  the  approximate  theory  is  not  accurate  for  displace¬ 
ment  prediction.  The  approximate  theory  essentially  imposes  con¬ 
straints  on  the  shell  since  an  apriori  distribution  through  the 
thickness  is  assumed.  Therefore  the  approximate  theory  predicts 
a  stiffer  shell  with  consequent  higher  natural  frequency  and 
smaller  displacements.  These  characteristics  are  illustrated  in 
Fig.  4  where  it  is  seen  that  the  resonant  displacements  predicted 
by  the  approximate  theory  can  be  in  error  by  a  factor  of  2  for  the 
thicker  shells.  The  natural  frequency  ou  the  other  hand  is  pre¬ 
dicted  within  several  percent  by  the  approximate  theory. 

B.  Comparisons  between  natural  freouencies  in  vacuum  and  in  water 

Fig.  5  presents  plots  of  frequency  parame  ter , as  a  function  of 
longitudinal  wave  length  parameter  0,  for  various  circumferential 
nodal  patterns.  For  the  thicker  shells  (a  =  0.7)  it  is  seen  that 
the  water  effects  the  natural  frequency  very  little.  For  tne 
thinner  shells  (a  =  0.95)  the  water  does  not  effect  the  natural 
frequency  for  n  =  4  as  much  as  it  does  for  the  modes  of  lower  n. 
The  frequencies  for  the  first  branch  of  the  axially  symmetric 
(n  =  0)  mode  at  long  wave  lengths  are  unaffected  by  the  water, 
since  this  type  of  mode  is  primarily  longitudinal  at  long  wave 
lengths.  In  the  infinitely  long  shell  water  pressure  only  comes 
about  by  virtue  of  radial  motion.  The  water  does  effect  the 
second  branch  frequencies  of  thin  shells  at  long  wave  lengths 
since  they  are  radial  modes  giving  rise  to  appreciable  added  mass 
of  water.  The  beam  mode  (n  =  1)  and  the  lobar  modes  (n  ^  2)  have 
a  radial  component  of  displacement  at  long  wave  lengtlis  (smallB) 
and  therefore  the  natural  frequencies  in  water  are  considerably 
effected. 

C.  Thick  shells  -  higher  branches  and  higher  orders 

In  the  thick  shell  theory,  for  each  value  of  n  and  3  there  is  an 
infinite  number  of  roots.  The  first  resonance  defines  the  fre¬ 
quency  of  the  first  branch  at  the  given  n  and  3,  the  second  re¬ 
sonance  defines  the  frequency  of  the  second  branch,  etc.  In 
wave  propagation  analysis  or  in  general  forced  vibration  analysis 
the  importance  of  these  higher  branches  and  higher  orders  is  of 
significance.  Tables  2,  3  and  4,  and  Fig.  6  give  the  deflection 
amplitude  for  several  of  the  modes. 
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For  radiatinp  modes  0)  it  is  seen  that  the  higher  orders 

(n  =  3,5)  correspond  to  much  Larger  amplitudes  for  thinner  shells 
(a  =  0.50,  a  =  0.70).  The  second  branch  for  a  cylinder  with  a  =  .01 
3  =  0.8,  n  =  1  shown  in  Table  2  corresponds  to  much  higher  ampli¬ 
tudes  than  the  first  branches  for  n  =  3  and  5.  Although  not 
illustrated  in  the  table,  it  has  been  found  that  this  is  also 
true  for  the  next  several  branches  of  the  almost  solid  cylinder. 
On  the  other  hand  for  the  shells  with  a  =  0.50  and  a  =  0.70  the 
amplitude  of  the  first  radiating  mode  near  resonance  for  n  =  3 
and  5  is  of  the  same  order  of  magnitude  as  the  first  radiating 
mode  for  n  =  1.  The  first  radiating  mode  for  n  =  1  3  =  0.8 
corresponds  to  the  second  branch. 

D.  Sound  power  generated  and  resulting  stresses 

The  average  sound  jxswer  transmitted  to  the  medium  over  one  per¬ 
iod  can  be  written  as  follows: 

1^33] 

where  T  =  one  period 
p  =  pressure 
V  =  velocity 
A  =  area 

Substituting  the  expressions  for  the  pressure  and  velocity  the 
following  expression  is  obtained  for  the  power  transmitted  by 
the  mnth  mode 

( )  [34] 


Integrating  with  respect  to  time 

</■«: ~  CcCi.  "Vi  ^-^^Cc/3.  ^  {p/A 

^  vs,. 


so 


( -4  fft  Co ‘uJZ.  J'c>J -.v  Cer^  V  es/ A 


The  average  -^ower  transmitted  to  the  medium  can  then 
as  follows  for  the  approximate  shell  theory: 

For  the  axilally  symmetric  modes  (n  =  0) 
and  for  the  nonaxially  symmetric  modes 


[35] 

[36] 

[37] 

be  written 
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In  either  case  the  power  transmitted  can  be  written  as 


where  F  is  a  factor  depending  on  the  mode  and  the  other  physical 
parameters  of  the  shell  and  medium.  The  term  in  the  brackets  is 
independent  of  the  mode  and  tlnickness  of  the  shell.  In  the  above 
f  or mu la 


=  non  dimensional  radial  deflection 


— O-  =  non  dimensional  frequency  parameter 
=  resistive  impedance 
=  density  of  medium 
Fir  =  density  of  shell 
C  =  velocity  of  sound  in  medium 
^  =  Poisson's  ratio  for  shell  material 

£.  =  mocJu  lus  of  elasticity  of  shell 
=  internal  forcing  pressure 
/\  =  surface  area  of  cylinder 

Thus  for  a  given  shell  material,  a  given  surface  area,  and  a  _ 
given  internal  driving  force  the  power  will  be  proportional  to  F. 

The  output  power  cannot  be  used  solely  as  a  measure  of  the  radia¬ 
ting  characteristics  of  a  given  mode  since  large  powers  can  be 
obtained  by  using  large  driving  forces,  tnereb>  inducing  large 
stresses  in  the  shell.  The  maximum  stress  induced  in  the  shell 
can  be  written  in  terms  of  the  internal  oscillating  pressure  as 
f ol lows : 


where  P.  is  the  internal  oscillating  pressure  and  is  a 

nondimensional  quantity  which  is  independent  of  the  driving 
force.  The  following  ratio  therefore  is  a  good  measure  of  the 
power-stress  capabilities  of  the  shell 


For  a  given  size  radiator  of  surface  area  A  made  of  a  given  mater¬ 
ial  of  modulus  E  and  Poisson  ratio  -2)  ,  the  ratio  R  gives  the  power 
that  can  be  transmitted  into  the  medium  for  a  particular  mode 
with  a  given  maximum  stress  induced  in  the  shell.  This  ratio  is 
tabulated  in  Table  5  for  different  modes  of  vibration. 
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The  results  of  Table  5  indicate  that  the  shell  must  be  driven 
with  very  large  forces  in  the  lobar  modes  (n  =  2,4)  in  order  for 
these  modes  to  radiate  just  a  fraction  of  the  power  that  is  rad¬ 
iated  by  the  axially  symmetric  modes  (n  =  0).  The  first  branch 
axially  symmetric  mode  is  primarily  longitudinal  at  long  wave 
lengths  (small  3)  and  consequently  radiation  from  the  cylindrical 
surface  takes  place  tlirough  Poisson  coupling.  The  second  branch 
is  primarily  radial  at  long  wave  lengths  and  is  the  most  efficient 
radiating  mode  of  a  cylindrical  shell.  This  latter  type  of  motion 
can  be  achieved  in  a  cylindrical  transducer  either  by  keeping  the 
ends  of  the  transducer  open  so  that  uniform  pulsing  can  take 
place  or  by  making  the  shell  very  long  compared  to  its  diameter 
so  that  3  will  be  small.  Simplified  equations  for  such  a  radia¬ 
tor  are  derived  in  the  next  section. 


Although  the  first  branch  resonances  of  flexural  waves  for  n  =  1 
and  n  =  2  are  not  associated  with  any  radiation,  Table  o  and  Fig. 
7c  show  that  the  second  and  third  branches  give  appreciable  rad¬ 
iation.  For  these  higher  branches  forn  =  1,  2  the  power  stress 
ratios  will  be  of  the  same  order  of  magnitude  as  the  radial  mode 
(n  =  0) . 


In  using  large  steel  radiators,  the  main  difficulty  is  weight. 

A  long  steel  radiator  that  would  resonate  at  low  frequencies  would 
have  to  be  huge.  To  resonate  at  200  cps  in  the  radial  mode  a 
steel  radiator  would  have  to  be  27  feet  in  diameter.  Therefore 
materials  with  lower  sound  velocities  or  methods  to  reduce  the 
so'jnd  velocity  must  be  sought. 

E.  Eqviations  for  a  radially  ymlsing  cylinder 

Assuming  that  the  pressure  in  the  outside  medium  is  equalized  by 
the  static  pressure  in  the  internal  fluid  the  equation  of  motion 
of  the  purely  radial  mode  of  a  shell  can  be  written  as  fellows: 
(see  Eq.  [17]): 


<£  zJ-t  'tiJ-  --  /2a 

Substituting  the  expressions  for  the  external  and 


pressure  due  to  sinusoidal  radial  pulsations  of 
equation  of  motion  becomes 


internal  fluid 
the  cylinder  the 


AAT  -h 


L 


fc^o 


) 


f  ^ )  j.  e  'y'  p  c  ^ 

La  ~J 


,4-:  7 


y- 


P 


P 


E 


-A 


eA 


7 


eA 


r.p^ _ 


'bP/C.J 

A  TLj 
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Let  tine  w  =  Ce'"^  fine’*  sol  vine 

^  ''  ¥^rjrhrn  ■  xr^psjr,  ci 


and  using  the  plane  wave  approxia-iation 

-J77~^?717y^ 


The  nunerator  in  the  equation  tor  C  is  the  static  deflection  under 
a  static  pressure  P  so  that  C  takt s  the  form  of  the  standard  reson¬ 
ance  factor  for  a  single  degree  of  freedom  system. 

The  natural  frcu’uency  is  determined  from  the  equation 
/  ^  ^  -  2  /"  ^ L  ^*r-  V-  .  ^  ^^C>0  ^  ^ 

^ ^  /  -  -^  r  ^  A  A  ~ 

The  values  of-i^v;hich  satisfy  the  atjove  equation  determine  the 
natural  frequencies  of  the  system. 

Th^  Q  of  the  system  can  be  written  as  follows: 

using  the  frequency  equation 

_  _ -^-  '^- _ _ 


If  X  =  logar ithiTiic  decrement  for  structural  vibration  of  the  shell 
material,  then  ^  i. 

^  ^  -k-  JZ  —  ^  ^  ' 

I"  —  •<  0.1  then  to  a  very  close  a | -proxima ti cn 

The  efficiency  of  the  radiator  is  as  follows: 

Efficiency  = - ^ ^  ^ - 

17  ^  n  Of 

or  usine  the  approximate  formula  for  the  rariiati'.in  impedance, 


11.  Hueter,  T.F.  and  Bolt,  R.  II.  ,  "Sonics , "  John  R'iley  S  Sons,  1955, 
p.  5  3. 
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p  \ir 

^  'Pt  I  ^ 

L'friciency^  y  .  ^  ^ 

ft  (TiAc.)  ^yy  S 

At  the  present  time  very  little  inf oriTiaticn  is  available  on  the 
structural  danpino  of  new  hiyh  strength  light  weight  plastics. 

•\  stud/  of  these  cnuati'.ns  and  the  ’'ossible  use  of  (-ifLorent  a- 
terials  will  therefore  be  the  s  ibject  of  a  future  study,  however 
a  very  rouph  estimate  of  the  order  of  magnitude  of  the  Q  and  tne 
efficiency  of  a  steel  and  plexiglass  radiator  is  made  below. 

Usiru^  the  thin  shell  theory  derived  in  this  report,  it  was  found 
that  at  lone  w’  ve  lengths  the  radial  n.ode  of  a  steel  radiator  (air 
filled)  with  ^->4^  =  0. 95  had  its  resonance  at_n-SJ  /  .  Using  a  logar- 
itK'iiic  decrement  of  0.02  and  =0.  127 ,  =0.278,  ^  =  20, 

the  0  efficiency  are  as  follows  (neglect  ine  any  other  losses 

beside  internal  structural  damoinf): 

(O  =:  - - - - -  'X  ^ 

—  y-  /  v./i-7  X.  / 

Efficiency  1007o 


For  a  plexi'^lass  radJ.ator  -with =0.35,  =0.93,  -pj  =  10  the  re¬ 

sonance  occurred  at_n.  =0.2  v;it'n  a  value  of  ^=0.32.  Assuming  100 
tirres  the  daa  ^.in^  in  pler.ij  lass  as  in  steel 


^  ~  y-  ,  2.x.  3  X  /o  M.  3  Ji 

Efficiency  pa  ya ‘Qo 


In  s  ^ite  of  th'  cornu.'’ ra t ively  lower  efficiency  of  the  plexiglass 
radiator  it  suoul.l  be  noted  that  in  order  for  the  st-el  radiator  to 
re.sonr.te  at  200  cps  it  vould  hcvc^  to  be  about  27  feet  in  diameter 
v.'hile  th'  plexi'’las.s  radiator  would  be  about  3  feet  in  diamieter. 


For  th'’  plexiglass  radiator  it  was  found  t.iat 

For  the  steel  radiator 


63.  7)  ’■ 

/(Sri 


=  a.  o3 


how^ever  since  the  modulii  and  mass  ratio  of  steel  and  plas_tic  are 
different  t!ir  r  ti  of  mus  t  be  t:.’ken  instead  of 

1 

L  J  j  ^  Q  Cj 


r  n 


S^<r/ 

'Us-  ^ 

/A  p  —  s  'P~ 


rc,  4 


^  ie,ss 


« rt)- 
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So  that  for  the  same  area  the  power  stress  ratio  is  almost  the  same 
for  the  two  materials.  The  main  advantage  of  the  steel  is  that  it 
has  much  greater  stress  capability  and  therefore  much  greater  [-ower 
capability. 

Taking  the  safe  alternating  stress  in  the  plexiglass  to  be  2000  psi 
the  power  output  for  this  working  stress  would  be 
Pi  - 

>>  ^  (^-2.  F‘S-  y  .  P-r  ^  ^ 

^  0.4-X /a^  yf-  J 

See 

Taking  the  safe  alternating  stress  in  the  steel  to  be  20,000  psi 
P^  -  cTSS- 

.  .  2o  K  /  ^ -I 

-  2  o  /As 


-  2  -^O  o  /As 

The  steel  is  thus  capable  oL  delivering  ten  times  the 
plastic,  however  the  size  and  consequent  cost  of  the  s 
is  the  actual  drawback. 

If  the  plexiglass  radiator  ivere  20  feet  long  and  3  fee 
it  would  have  the  capability  of  deliverine  the  followi 


the  power  as  the 
he  steel  radiator 


ass  radiator  ivere  20  feet  long  and  3  feet  in  diameter 
the  capability  of  de liver ine  the  following  power: 

^  X  2,/^  V  ‘^■2^^0  00 

■2.<  ^&z>a  tr, /e>^y,ifs 


If  the  working  stress  were  cut  by  10  the  power  would  be  cut  by  100. 
However  this  v;ould  still  give  about  60  KW.  This  indicates  tnat  a 
plastic  ra  iator  could  conceivably  be  used  as  a  hign  power  low 
frequency  sound  source  although  much  more  careful  study  is  needed 
before  an  actual  deslen  can  be  made  since  many  important  factors 
have  been  left  out  in  the  foregoing  analysis. 

Some  effects  of  internal  fluid 

Fig.  7a  and  7b  give  some  typical  resuonse  curves  including  tne 
eff-^cts  of  internal  pressure  and  internal  fluid.  It  is  seen  that 
the  internal  pressure  and  fluid  have  a  larger  effect  on  tpe  lobar 
mode  frequency  (n=2)  than  on  the  axially  symmetric  mode  (n=0).  2 

This  peneral  effect  of  pressure  is  also  shoi'Tn  by  Baron  and  Bleich 
in  their  more  extensive  calculations  of  the  effects  of  internal 
pressure.  It  is  also  illustrated  in  Fig.  7b  that  the  internal  press, 
ure  tends  to  stiffen  the  shell  thus  decreasing  the  static  deflec¬ 
tion  for  a  given  driving  pressure. 
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For  the  internal  fluid  considered  here  the  natural  frequencies  of 
both  the  n  =  0  and  n  =  2  mocfe  s  were  decreased  indicating  that  for 
these  frequencies  the  internal  fluid  has  a  positive  reactance, 
ether  cases  can  exist  where  the  fluid  has  the  opposite  effect. 

In  general  it  can  be  stated  that  unless  the  shell  is  extremely 
thin  (  <0.0!  )  the  internal  fluid  or  pressure  will  only 

have  a  small  effect  on  thic  frequencies.  It  was  pointed  out  to 
the  author  that  Dr.  G.  B.  Warburton  had  found  similar  results  for 
thin  shells  which  he  reported  orally  at  the  Stresa  Conference  sev¬ 
eral  months  ago. 

G.  Electronic  computer  codes  available  for  calculation 

This  report  contains  only  a  small  number  of  the  results  that  have 
been  computed.  It  has  been  the  p<urpose  of  the  report  to  present 
tlie  basic  theory  and  some  general  trends  giving  the  effect  of  some 
of  the  physical  parameter. 

IdM  709  codes  are  available  for  computing  the  resjjonse  carves  for 
I'.hick  shells  vibrating  in  any  fluid.  This  code  is  based  on  tne 
exact  elasticity  t’leory  presented  here.  For  tnis  code  the  computer 
tr.oulates  the  radial  d  is-placement ,  the  resistive  and  reactive  im¬ 
pedance  and  the  external  pressure  for  any  given  driving  frequency. 

Codes  are  also  available  for  car'. :  Hit  in  r.  the  response-  carves  of  thin 
pressurized  shells  containing  fluid.  For  this  case  tlie  camputer 
prints  out  the  axial,  tangential,  and  radial  displace, iients ;  the  in¬ 
ternal  and  external  pressure;  the  resistive  and  re,  ctivc  i.  .^.edance ; 
and  the  longitudinal  and  tangential  stresses.  Fur  tar  ouict  theory 
it  takes  about  four  seconds  to  c,-  Iculate  the  resfxinse  at  one  fre¬ 
quency.  The  ap.proximate  theory  ccucluations  t  ike  about  one-half 
second  for  each  freauency. 

Using  t'-;:  u  together  with  the  general  relations  presented  in 

the  egrli'-r  part  of  this  report  one  can  commute  tlie  forced  response 
of  tl’.lck  and  tain  cylindrical  siielLs  vibrating  in  an  aceustic  med¬ 
ium  . 
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APPENDIX  I 


values  for  the  constants  iJ',, ...  which  are  contained  in  the 
body  of  the  report  are  as  follows: 

A.  If  ^  ^  ^ 


ai  Cf) 

t  /Tv rf)^  s  fK.  -,  rj* ) 

Tl^ff)  i-  TT-^.,rT) 

-  S/r^.,rs ) 

-B- V.  “-,  v7-^-  -s  j  -^■,r>.-.r^,) 

V  i /c  .,4;’  j 

“^ir  ~  -^-/  J  -/"v-,  Vy^  yVj. ^ 

~  ^ --  -<^vv  /  ,  )  j*  j 

^^3  ^  r---  ^  ;  -T^  ^f)~ST-.J,('f  j 

"if";  ^6-;  A  6-; 


~  ^'>^■1 ) )  ^  -/  ^“I'i^  ^ 

)  ^^f)-o^f2Z-/ t^fj 
^  ^  iVj-J  /O^y  /rv^-;^J'  j 

“»«  y«- 

--ri-*‘*<^"')r^(-i)-^iT^.,f^f) 

JZ-,/'^)  -  ^  ) 

‘^SL  ~  -f-^  f^-,('^).+  -^  )] 

^iI'^^J[rj-^ -.rf)-^T^rj‘fj 

‘^•^•■iln-  jr^][-S ^-ff'j’)--^  Bn. (s-)J 

^sz  “  Cj^ j 

2. 

v-i  J 

^3  '^iP^ ‘^][^iT^-,r-<f).^  r^Bo^j)j 

=i[ /r  ^  /rv,^j';7 

r  T^C^s) 

Z 

4^g  r  H'-^C‘<T) 

2. 
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C'  'X 

u  ^ 


B.  If  '^/ca  c 

and 


then 


Z.  y^J 
<s?,j 

Kr:r)  -  j*  K.Yr; 
cTJ’-.-YfJ  J vX^/rJ 

=  S  K.,  r:r)  K('rJ 

^2./  * 


W  ‘ 
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^  ^7^  -«>^^  ) 

^i-l  ~  zC'ij  j  4-c^^ 

^3  ^j) 

^  f)^f  K.-.  <^s) 

^-r/--^  j;.r^;-K  j;<^3 

^J-i  = J  y  V.  )J 

-•  i/z-  jJ 

ib-^^JJ/x.-fs’)-^  y^mj 

‘^-'T  - 

-  vC(:z7 

z 

i  =  '^K  -,  )  T^'v  /Y:; 

=l[''p^<rJ:-y-^)-^XM] 

Ptr  - 
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--[^ ^ V , 07 x:/^ )- ^  K- Xy; 
^.1  -/>.  V  ^  -r  V  xxj*;  -  .,  xr  j 

^?/4--/VOv^  -/"7  VC/rJ-JK--XrJ 

'=?}».=/'>-.  V>.  -  V  ^  fA  ^■^1^)JY^  X-'O  ~‘^7  '^-'  ^^7  J 

--/-K V  ^  -y V  *7 ^  Aj-j  -Wj-j;.,  /;,J. j 
^3^  --/>  V^-^’/^7  J 

a  A/j 

“A"  VC-  A  A_/ J 

! )  yi./'tj )-  •>!  T>.-,Y^) 

^n  ^f^-hi)  y^r^)-^  vc.y*;} 

-  A- y-  /;  j;cAJ  - j'ca  O'j 


^3f  -xv.o  KAj-^xC-z/Aj 
‘'‘■r  - 

^A^X.-XS) 


Qtfi~ Y^-i-i)  XT-zA^) 

-Y-K-f/JX.  A>'_fj  -•''J* X  -,  /Vy J 

- Xki^/J  VC. A/J  -•^j' Y-iY^x) 
4j-  "  fr  J;- 

--jf 

~  X-iC'^ )  ~  ^  X.  Yi^  ) 

~>2  ^  Y^Y-ij) 

^si  -i[i-^\][fX-/f)-^XYf)J 

YXf)J 

drr-  ^^Yf) 

Yf^-~ 

^  ~k)^  J 

<i<<j  =i/>~  '^x]/yfX~,(^s)->>'^Yxj)J 

Yfej-  ~ 

2. 

Yiu  =  Yr^Y-'S) 


II.  The  expressions  for  the  resistive  and  reactive  components  of 
inpedaixie  to  be  used  with  the  exact  elasticity  tneory  are  as 
f ol lows : 


^  ^ _ _ 
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<  f 


_ -  4  AV  ) 

JJY,,  [K -  Y4Ja^ )  Av )J 
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